Economics 130
Elements of Mathematical Economics
Third Examination — ANSWERS
October 4, 2011

1.  Find the extreme value(s) of the following function: z = X? + Xy + y* +5. Test whether
these are minimum or maximum.
Z=X"+Xy+Yy*+5

zX:2x+y:O}
%

z,=x+2y=0

Z6=2, 2,=2, 7,,=2, =1

Second order condition:

Z,=2>0, 2,2, -

2,/ =4-1=3>0. <. minimum
Note that this is unconstrained optimization. Since principal minors

are all positive [2, 4], we have a minimum.

2. Atwo-product firm faces the following demand and cost functions below:
R=10-2Q,+Q,

P,=20+Q,-Q,
C=Q°+Q,”+40
a. Find the output levels and prices that satisfy the first order condition for maximum
profit.
b. Check for second order condition for maximum.
C. What is the maximum profit?

R= PlQl + P2Q2 = [10Q1 - 2Q12 + Qle] + [20Q2 + Qle - Q22]
=10Q, +20Q, —-2Q°-Q,* +2Q,Q,
7=R-C =[10Q, +20Q, - 2Q7 -Q,? +2Q,Q,1-[Q? +Q,? + 40]

7 =10Q, +20Q, - 3Q12 - 2Q22 +2Q,Q,-40
2nd order condition:

or
—=7,=10-6Q, +2Q, =0
Q" Q+2Q, 6Q,~2Q, —10 |
5 = 120, 440, = 20 two equations, two unknowns
T 7, =20-4Q,+2Q, =0 LA, =
0Q,
Solution: |Q =4, Q,=7|and|P, =9, P, =17
. ) -6 2
Hessian Determinant: H = 4 =20

H, <0,H, >0. The principal minors alternate in sign .. negative definite — ... Maximum!
Maximum 77 =10(4) + 20(7) —3(16) — 2(49) + 2(28) - 40  —
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Find the extreme values of the function z=(5-x)y subjectto 2x+y=20. Use the

bordered Hessian determinant test to determine if the stationary value of Z is a maximum
or a minimum.

Z =5y—xy+A(20-2x-y)
Z,=20-2x-y=0

Z =-y-21=0 _y =2 _
(==Y } N { y =24 o -y,
5-x

Z,=5-x-11=0 5-x=21
y =2x-10
2x+(2x-10)=20 —  4x=30 — |X=75 y=51=-125

For the second order condition:
Z, = O,Zyy = O,ny =-10, =2, g, = -1

0 9, 9, |0 -2 -

Al=lo, Z, Z,|=|-2 0 -1=[~(-2)(0-@®)]+[-1(2-0)]=-4
9, Z, Z -1 -1 0

yX vy

Since |H|=-4<0 therefore the stationary value of Z is a [MINIMUM

A consumer’s utility function is given by U = f (x,y) = 20xy Where x and y are levels of
consumption of commodities. If p, =15per unitof x, P, =5 per unit of y and his
budget B is 6000 per month,

a. determine much x and y should be purchased per month to maximize U subject to his
budget constraint.

b. check if the second order condition for maximum is satisfied using the bordered
Hessian determinant test.

Z =20xy + A(6000-15x—-5y)
Z, =6000-15x -5y =0
_az

Z, =20y—-151=0
OX
zyz%zzox—mzo
oy
Y. b y =3x
X 5
15x+5(3x) =6000 — 30x =6000, — |x=200 —> y =600
zZ, =0
Z,=0
Z,,=Zyx=20
0 -15 -5
|H2| =|-15 0 20[=15(100)—5(-300) =3000 >0 . MAXIMUM
5 20 0
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5. Afirm has a production function given by g—-100k°s1°s. The firm needs to produce 800
units of the product as required by a buyer. If p_ =20 per unitand p =5 per unit,

a. determine the levels of capital K and labor L that would minimize the cost of
producing the required output; and

Z = 20K +5L + (800 —100K °°L°%)

Z, = %% _800-100K*5L°° =
oA

oL

Z, =—=20—-A50K %°1°* =0
K oK 20 A5B0K 03 LO'S L -
oz 7 s ok 0 Tk TR
Z, =—=5-250K*°L"* =0
oK
Substitute to constraint:
100K *°L** =800 —  100K°°(4K)** =800 —» 2K =8 —>|K=4, L=16

b. Calculate the total cost of producing 800 units of the product.
C=20K + 5L =20(4)+ 5(16) = 160
6.  Given the production function: Q = AK*“L"%,

) AGK)'(L)° = JPAKAL = Q.
Therefore the degree of homogeneity of the production function

is equal to 1.2.
b) It exhibits increasing returns to scale since a doubling of inputs would more than
double the output (2.297).
C) Output elasticities of Kand L. Inlog terms, INnQ=InA+0.4InK +0.8InL
b =2 K g4 or g, =0Q oy
5 0K Q " dInK
=22 L o8 or g, =29 _gg
- oL Q " dInL



